We present numerical simulations for the design of gated delta-doped AlGaAs/GaAs quantum dot structures in the few-electron regime. The conning potential is obtained from the Poisson equation with a Thomas-Fermi charge model. The electronic states in the quantum dot are then obtained from solutions of the axisymmetric Schr odinger equation. Our model takes into account the e ect of surface states by viewing the exposed surface as the interface between the semiconductor and air (or vacuum). We explore various gate con gurations and biasing modes. Our simulations show that the number of electrons can be e ectively controlled in the few electron regime with combined enhancement and depletion gates.
I. INTRODUCTION
In recent years, advanced fabrication techniques have made possible further con nement of a two-dimensional electron gas (2DEG) into wires or dots where quantum e ects are signi cant 1]. Quantum dots have been the focus of numerous studies, and controllable loading of these dots with few electrons has been achieved 2], allowing one to speak of quantumdot hydrogen, quantum-dot helium, etc. Very recently, coupling between such close-by \quantum-dot atoms" has been demonstrated, thus realizing semiconductor \quantum-dot molecules " 3] .
Based on the emerging technology of quantum-dot fabrication, an application of computing with coupled quantum-dot molecules has been proposed in a series of papers 4, 5] . These so-called Quantum Cellular Automata (QCA) are based on arrays of cells, each of which is composed of coupled quantum dots and occupied by few electrons. Figure 1 (a) schematically shows a QCA cell consisting of ve dots and occupied by two electrons. Due to the mutual Coulombic repulsion between the electrons, these cells exhibit bistable behavior which can be used to encode binary information 4, 5] . The fabrication of such a cell is a challenging problem, yet appears to be within reach of current lithographic capability 6]. Figure 1 (b) shows a possible physical realization which is based on electrostatic con nement provided by a top metallic electrode. The key implementation challenges are (i) to gain su cient gate control in order to de ne quantum dots in the few-electron regime, and (ii) to place these dots su ciently close to each other in order to make coupling possible.
In this paper, we numerically investigate the feasibility of realizing gate-controlled quantum dots in the few-electron regime for possible Quantum Cellular Automata applications. In order to achieve a crisp con ning potential, we will focus on minimizing the e ects of fringing elds by bringing the electrons as close as possible to the top surface. This design strategy of \trading mobility versus gate control" by utilizing near-surface 2DEG's has been pioneered by Snider, Hu and co- workers 7] . However, the resultant proximity of the quantum dot to the surface raises the question of the e ect of the exposed surface on the quantum con nement. In our modeling, we explictly include the in uence of surface states which are occupied, in a self-consistent fashion, according to the local electrostatic potential 8]. Our modeling will show that the simple geometry of a conventional negatively-biased metal electrode as shown in Fig. 1(b) does not provide su cient gate control for QCA applications, even for extremely shallow 2DEG's. We have therefore explored the use of dual gates which, as we will demonstrate, allows one to achieve much better control of the con ning potential -a result which has also been found in recent related studies 9, 10] .
There exists a large body of literature on the modeling of quantum dots; we refer to only a few representative papers 11]. Since the operation of such a device is primarily based on controlling the electron density by varying the con ning potential, the modeling of the potential distribution and the electronic states in these structures is important. We obtain the con ning potential from solutions of the axisymmetric Poisson equation with a Thomas-Fermi charge model. The electronic states in the quantum dot are subsequently determined from solutions of the axisymmetric Schr odinger equation using the previouslycalculated con ning potential. Our simulation takes into account the e ect of surface states by viewing the exposed surface as the interface between the semiconductor and the dielectric (air or vacuum). In our problem formulation, we view as the natural problem domain both the semiconductor and the dielectric 8]. The usual Dirichlet or von Neumann boundary conditions at the exposed semiconductor surface are replaced by more physical matching conditions at the interface between the semiconductor and the dielectric. The importance of the proper choice of boundary conditions on exposed surfaces has also been stressed in Ref. 12] . Fermi-level pinning is a result of our modeling, and not an input. For the numerical treatment, we have developed a combined nite-element and boundary-element method (FBEM algorithm) 8], which is modi ed here for the cylindrically symmetric quantum dot structures. We investigate the number of con ned electrons and the physical size of quantum dot structures as a function of gate geometries and biasing modes. All our modeling is performed for a temperature of 4K.
Our modeling is aimed at exploring the parameter space for the design of quantum dots. In order to make the simulations feasible, we had to make certain simplifying assumptions. One of these assumptions is our focus on individual axially symmetric quantum dots, even though we have geometries in mind which lack this symmetry. Also for reasons of numerical feasibility, we have chosen a Thomas-Fermi charge model in the semiconductor. Fully quantum mechanical simulations involving the self-consistent solution of Poisson's and Schr odinger's equations tend to be computationally prohibitive. Also, the Thomas-Fermi charge model is known to be a reasonable approximation to a fully quantum mechanical model 13]. Another issue is the treatment of the impurities which may or may not be in thermal equilibrium with the semiconductor, depending upon the experimental conditions 14]. In our modeling we have assumed that conditions are such that the impurities are in equilibrium with the semiconductor at the given temperature. The remainder of this paper is organized as follows. In Section II, we present the problem formulation including the treatment of the exposed surface. This section outlines the generalization of our previously developed FBEM solution algorithm for Poisson's and Schr odinger's equations 8] to cylindrical coordinates for the axially symmetric dot geometries. In Section III, we utilize the numerical calculations to discuss three di erent gate structures and biasing modes for the design of quantum dots in the few-electron regime. Concluding remarks are given in Section IV.
II. PROBLEM FORMULATION

A. Problem Statement and Numerical Treatment
An example of a gate-con ned quantum dot structure with axial symmetry is shown in Fig. 2 . In the semiconductor domain, the quantum dot is realized at the AlGaAs/GaAs heterojunction and is de ned by applying an appropriate (negative) voltage V G to the gate on the top surface. Note the opening in the gate metal which exposes the semiconductor to the dielectric (air or vacuum), as schematically shown in Fig. 2(a) . A )=kT and all symbols have their conventional meaning. A semi-classical Thomas-Fermi charge model is assumed for the equilibrium electron and hole densities which are given by a Fermi-Dirac integral of order 1=2 8,15] .
In order to solve eqn. (1), we utilize our previously developed FBEM algorithm 8], which is a combined nite element method (FEM) 16] for the semiconductor domain and a boundary element method (BEM) 17] for the dielectric region. The generating domains and boundaries are shown in Fig. 2(b) , and the FBEM mesh is shown in Fig. 2(c) . In its original form, the FBEM algorithm was developed for carthesian coordiantes, and we generalize it here for cylindrical coordinates. We will brie y describe the FBEM algorithm below and refer the reader to Ref. 8] for further details.
For the semiconductor domain s , with s = 1 2 , the standard FEM discretization of equation (1) (2) where u s BA and P s BA contain the potentials and nodal forces at the nodes on the interface @ BA between the semiconductor and the dielectric, whereas u s o and P s f contain the potential and nodal forces at all other nodes inside the semiconductor domain, and K is the sti ness matrix.
The dielectric domain, d , is a charge-free region. (3) where S is the equivalent sti ness matrix and P d is the equivalent nodal force vector.
The matching conditions at the exposed surface are given in discretized form by 8], u s BA = u d BA = u BA ; (4) P s BA + P d BA = e kT Q int ; (5) where Q int = Q int (u BA ) is the nodal charge density on the exposed semiconductor surface.
A global system of equations is formed by coupling the semiconductor, equation (2), to the dielectric, equation (3) 
Solution of this set yields the potential distribution in the semiconductor and dielectric domains, including the interface @ BA , and the nodal ux on @ BA .
The con ned electronic quantum dot states at the AlGaAs/GaAs interface are obtained by solving the axisymmetric Schr odinger equation for a computed axially symmetric potential pro le V (r; z). l = g l (r; z)e il (7) ? # g l (r; z) = E l g l (r; z) (8) l is the electronic wavefunction which may be factored due to the axial symmetry; exp(il ) is the angular-momentum part and g l is a function of only (r; z). V (r; z) = kTu(r; z) is the axisymmetric con ning potential and m denotes the e ective mass.
The asymptotic decay of the wave function far from the dot region provides zero-valued Dirichlet and/or Neumann boundary conditions. Standard FEM discretization of equation (8) results in the following linear eigenvalue problem, Ag l = E l Bg l ; (9) where g l is the vector of nodal values for the axisymmetric wave functions on the (r; z) plane, and E l is the eigenenergy. Since we are interested in only the lowest few eigenstates, equation (9) is solved by a subspace iteration method 15, 16] . The electronic wavefunctions, l , can then be obtained directly from equation (7).
B. Interface Charge Density on the Exposed Semiconductor Surface
In order to solve the above problem, the interface charge density, Q int , must be given in order to specify the matching condition (5) on the exposed semiconductor surface. It is well known that energy states lying within the band gap play a dominant role for the interface charge Q int on semiconductor surfaces 19{22].
In this paper, the surface states are assumed to possess acceptor-and donor-like char- The strong non-linearity of the interface charge as a function of the band bending at the surface may cause numerical convergence problems, particularly for low temperatures. We implemented a modi ed Bank-Rose damping scheme to stabilize the convergence by adaptive underrelaxation and to accelerate the convergence speed of Newton's method 24, 25] . The combination of our coupled axisymmetric nite-element/boundary-element algorithm and the adaptive damping scheme was found to perform quite satisfactorily.
III. QUANTUM DOT DESIGN
The results shown in this section concentrate on the design of quantum dots in the few-electron regime for possible applications in Quantum Cellular Automata 4,5]. Our simulations are based on the delta-doped AlGaAs/GaAs structure reported in Ref. 26] , where it was shown that sheet carrier concentrations of 3:4 10 11 cm ?2 and Hall mobilities of 1:2 10 6 cm 2 V ?1 s ?1 at 4K may be achieved with a shallow 2DEG 25 nm below the semiconductor/vacuum interface. Figure 4 shows the layer structure utilized in our modeling below.
We will explore three types of axially symmetric top gate geometries, which are schematically shown in Fig. 5 . The conventional biasing mode is one where a negative bias is applied to the gate, thus depleting the 2DEG underneath the metal electrode; we will refer to this mode as`depletion mode' biasing. As shown in Fig 5(a) , a quantum dot may be realized below the circular hole in the negatively biased gate. One may also utilize structures with an initially depleted 2DEG, e.g. by surface depletion due to Fermi-level pinning. An electron density may then be induced underneath a positively-biased gate. This so-called enhancement mode' biasing is schematically shown in Fig. 5(b) . By combining the above two mechanisms, we designed a third type of quantum dot structure with combined center enhancement and surrounding depletion gates, as shown in Fig. 5(c) . We will demonstrate that the dot occupation in this combined enhancement/depletion mode can be accurately controlled by adjusting the positive and/or negative bias on the gates.
A. Depletion Gates
The n-type sheet doping concentration for the delta-doped AlGaAs layer is assumed to be 5:0 10 12 cm ?2 which leads to the formation of a 2DEG along the AlAs/GaAs heterointerface without gate bias. By applying a su ciently negative bias to the top gate shown in Fig 5(a) , a quantum dot may be realized. For typical parameter values, the resulting potential variations inside the semiconductor are plotted in Fig. 6 ; in part (a) perpendicular and in part (b) parallel to the surface. Fig. 6(a) shows a plot of the conduction band pro le perpendicular to the semiconductor surface at the center of the circular gate opening. Electrons accumulate at the GaAs-substrate/AlAs interface, where the conduction band edge dips below the Fermi level which is taken as the zero of the energy scale. Care has to be taken that no parallel conducting layer forms in the dopant plane. Fig. 6(b) is a plot of the conduction band edge parallel to the heterointerface (on the GaAs side), which shows the quantum-dot con ning potential. Again, electron accumulation occurs in the region where the conduction band dips below the semi-classical Fermi level indicated by an arrow. The physical size of the quantum dot can be measured as the radius of the circular cross section of the conduction band at the Fermi level, which we will call the \physical dot radius," r dot . Device applications of such a structure are based on the ability to utilize the gate bias and the gate size to modulate both the number of the con ned electrons and the physical size of the quantum dots. Figure 7 shows the size and occupation of quantum dots for depletion mode biasing. The radius of quantum dots, r dot , induced by three di erent sizes of metal-electrode openings, r G , is plotted in Fig. 7(a) as a function of the (negative) gate bias voltage. As expected, the dot radius decreases with increasing gate bias. Eventually, the dot is completely depleted at a certain threshold voltage, which depends upon the gate geometry. Figure 7(b) shows the corresponding number of electrons in each dot, which is obtained by integrating the electron density over the dot region. We see that the occupation number sensitively depends upon the gate bias, and that the few-electron regime may be realized for reasonable values of gate dimensions and bias voltages. As an example, for a 50 ? nm-radius metal-gate opening, the few-electron regime is reached for a (negative) bias greater than 0.5 Volts; however, for a bias greater than a threshold of 0.53 V, the dot is totally depleted.
Note that the con ning potential is rather gradual (perhaps surprisingly so). In order to achieve a dot radius of, say, 10 nm, the radius of the gate opening has to be at least 30 nm. Even though we are utilizing here a 2DEG which is extremely close to the surface, the features in the plane of the electrons are a factor of 3 (or more) smaller than the features of the surface gates. As a consequence, it is not possible to place dots (in the 2DEG-plane) close to each other (since they cannot be closer than the corresponding openings in the metal electrode). We conclude that depletion mode biasing is not a promising candidate for QCA applications.
B. Enhancement Gates
The n-type sheet doping concentration for the delta-doped AlGaAs layer is now assumed to be 3:0 10 12 cm ?2 which leads to a normally-depleted 2DEG. Without an applied gate bias, the conduction band edge along the GaAs/AlAs heterointerface is close and above the Fermi level due to the e ect of the pinned GaAs surface potential. By applying a small positive bias on the center circular gate, shown in Fig. 5(b) , quasi-zero-dimensional electronic states may be induced underneath the top electrode. Figure 8 shows the size and occupation of quantum dots for enhancement mode biasing. The radius of quantum dots, r dot , induced by three di erent sizes of metal electrodes, r G , is plotted in Fig. 8(a) as a function of the (positive) gate bias voltage. Again, Fig. 8(b) shows the corresponding number of electrons in each dot. For larger gate biases, both the radius and the occupation of each dot increases. For example, for a circular enhancement gate with 12 nm radius, the threshold voltage is about 0.2 V and, in the few-electron regime, an additional electron is added for every 60 mV increment in the gate bias.
The control of the threshold voltage in this mode is critical. The gate bias cannot be too large since the structure becomes leaky due to tunneling between the 2DEG and the metal electrode. Another problem at positive biasing is that parasitic electron accumulation occurs in the delta-doped layers, as may be seen from Fig 6(a) .
We see that in this mode, the induced quantum dot (in the plane of the electrons) may be similar in size to the top metal electrode. QCA applications appear to be feasible, since it is possible to realize arrangements of quantum dots which are both close together and occupied by few electrons.
C. Combined Enhancement/Depletion Gates
We will now demonstrate that a combination of enhancement and depletion gates, schematically shown in Fig. 5(c) , provides e ective control of the threshold voltage. The main idea is to negatively bias the outer gates (gate 2) such that the electron density is depleted or near depletion; a positive bias on the inner gate (gate 1) is then utilized to induce the dot and to control its occupation. Figure 9 shows an example of the size and occupation of quantum dots for combined enhancement/depletion mode biasing. The n-type sheet doping concentration for the deltadoped AlGaAs layer is assumed to be 3:0 10 12 cm ?2 , which is the same as for the above enhancement gate structure. In this example, we have chosen a radius of r G1 = 6 nm for the center enhancement gate, and a radius of r G2 = 50 nm for the surrounding depletion gate. The radius of quantum dots, r dot , induced by three di erent voltages on the depletion gate, V G2 , is plotted in Fig. 9 (a) as a function of the enhancement gate bias voltage, V G1 . Fig. 9(b) shows the corresponding number of electrons in each dot. We see that variations of the depletion-gate bias of 10 mV will result in threshold-voltage variations of as much as 80 mV . This biasing mode appears to be an e ective way of controlling the quantum-dot threshold voltage in the few-electron regime.
Note that the curves in Fig. 9 (b) are much less steep than the corresponding ones in Figs. 8(b) and 7(b) . This means that the combined enhancement/depletion mode allows more e ective gate control of the quantum dot occupation than either the enhancement or depletion modes alone.
Several enhancement gates may be placed inside the same depletion-gate opening. In particular, one depletion gate may de ne a single QCA cell and each dot is realized by separate enhancement gates. Work on utilizing this design strategy to realize Quantum Cellular Automata is in progress.
D. Quantized Electronic States
The quantum-dot structures support three-dimensionally con ned electronic states. The separation of the quantized energy levels is also of interest for applications. To this end, we have solved the axisymmetric Schr odinger equation, (7) and (8), for a given con ning potential. Figures 10 and 11 show a typical example of the wavefunctions for the rst and second electronic states, respectively. The wavefunction of the lowest-energy state is plotted in the upper panel of Fig. 10 in the (r; z) plane and in the lower panel in the (r; ) plane, as schematically indicated in the insets. The corresponding plots of the wavefunction of the second-lowest energy state are shown in Fig. 11 . The energy separation in this example (enhancement-gate structure with a 20 nm radius) is E 2 ? E 1 = 13 meV .
IV. CONCLUSION
We have presented our numerical simulations for the design of gated delta-doped AlGaAs/GaAs quantum-dot structures in the few electron regime. The con ning potential is obtained from the axisymmetric Poisson equation with a semi-classical Thomas-Fermi charge model. The electronic states in the quantum dot are subsequently determined from solutions of the axisymmetric Schr odinger equation using the previously-calculated con ning potential. Our simulation takes into account the e ect of surface states by viewing the exposed surface as the interface between the semiconductor and the dielectric (air or vacuum). For the numerical treatment, we have developed a combined nite-element and boundary-element method (FBEM algorithm).
Utilizing a realistic material system with a shallow 2DEG, we have demonstrated that it is possible to realize quantum-dot structures in the few-electron regime. Our results indicate that the most promising design strategy is to utilize combined enhancement/depletion gates, which allow e ective control of the threshold voltage. These structures appear to be promising candidates for future Quantum Cellular Automata applications. 
